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ASSIGNMENTS

LESSON VII
Interpolation of Functions

[1] Determine approximately f(1) using data from the table

k 0 1 2 3
-1 0 2 3
flzy) -3 1 3 13

by Aitken’s scheme.
Hint: Aitken’s scheme is of form:

Ak:f(xk) (k:0717'-'7n)7

1 A 1 zp_1—x
Ag_1k = Xl el (k=1,...,n),
T — Tk—1 k T — X
Ay, . 1 A0,1 ..... n—1 Lo — X
gLgecey n xn . xo A172 7777 n xn — Y

». Following this procedure, one gets

.....

1 |-3 -1-1
Ay, = =5

1 (3 0-1
A2=57501 21|72

1 |3 2-1
A2’3_3_2 13 3-1|" "
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1 5 —-1-1
Ao,1,2—2_—<_1)2 9_1 =3,

1 2 0-1
M2s=g7g) 7 31|77

1 3 —1-1
A0,123—3_(_1) 1 3.1 1.

[2] Approximate function z — f(z) = ¢* on interval [0,0.5] by
interpolating polynomial (Lagrange and Newton’s interpo-
lation formulas).

Hint: Function e® given in tabular form

k 0 1 2
Th 0.0 0.2 0.5
flzy) 1.00000 1.221403 1.648721

The approximative polynomial is of form P,(z) = ap2™ +a12,,_1 +
---+a,, given in Lagrange’s form

=" ) Li()

(r—xo) - (x —xp—1)(® — Tf11) ... (T — Tp)
(:Ek - :130) s (zk — ij;_l)(a?k — :l?k;+1) ce (mk — xn)

mn
[1—

— )
o Tk — Iy
i#k

Ly =

1.e.

fok ka—xml

z;ék
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By applying the data from the table, one gets

(- 02)(z—0.5) (z —0.)(x —0.5)
Py(x) = 1. (0—0.2)(0 — 0.5) - 1.221403 (0.2—-0.)(0.2—-0.5)
11648721 &L= 0@ = 02)

(0.5 —10.)(0.5 — 0.2)
= 0.634757x% + 0.980064x + 1

In order to construct Newton interpolating polynomial, we
use finite differences of order r by recursive relation (forward
difference)

7"'7'r1”;f]_[x(Ja"'amr—l;f]
)

I
[x07x17"'7x7“;f] =
Tr — X0

where z; f] = f(x). Newton interpolation polynomial has a form

P, (z) = f(xo) + (& — xo)[z0, 21; f] + (x — z0) (T — 1) |20, T1, 22; f] + - ..

+(x—x0)(x —2x1) ... (* — Tp_1[T0, T1,. .., Tp; f]
Table of divided differences is
k  xp T Afy A? fr
0O 0.0 1.000000
1.107150
1 0.2 1.221403 0.634306
1.424303

2 0.5 1.648721
and Newton’s polynomial has a following form.

P,(z) =1+ 1.107150z + (x — 0)(x — 0.2)0.634306
— 0.6343062% 4 0.980288z + 1.

[3] For function z — f(x) =logz given in tabular form

k 0 1 2 3
Tk 0.40 0.50 0.70 0.80
flxr) —0.916291 —0.693147 —0.356675 —0.223144
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using Lagrange interpolation find approximately log0.6.

[4] For function given in previous example find the interpolat-
ing formula using
a) Newton’s first and second interpolation function (for-
ward and backward difference),
b) Gauss’ first and second formula,
c) Bessel’s formula, and
d) Stirling’s formula.

[5] Using first Newton interpolating polynomial compute sin 6°
based on the values of sin5°,sin 7°,sin 9°, and sin11°. Check if

the same result is obtained by second Newton polynomial.
Hint:

kooap fr Afe AZf.  A3f,
0 5° 0.087156
1 7°  0.121869
2 9%  0.156434
3 11°  0.190809
Use formula
—1 —1)... —n+1 .
Pn(af):fo+pAfo+p(p2' YT nfp Jans,
A A2
Pn(«fU) = fo + %(% — ZUO) + 2'nf20 (:13 B x())(a? B :Ijl) .
A?’L
n!n];O (r—x0)...(x —xpn_1).
[6] Calculate f(0.95) based on the following table of function

values:
ko xyp Ik
-2 0.5 —0.6875
-1 0.7 —0.8299
0 0.9 -—-0.9739
1 1.1 —0.9659
2 1.3 —0.6139
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using first Gauss, second Gauss, and Stirling interpolation
formulas. (6.1.15)

[7] Using Bessel interpolation formula get cos 14°, based on val-
ues cos 11°, cos 13°, cos 15°, and cos 17°.

ko xp Ik

0 11° 0.98163
1 13° 0.97437
2 15° 0.96593
3 17° 0.95630

[8] Form an Hermite interpolation polynomial based on the
function values given in the table

Hint: (6.1.21).
[9] Based on table

x —r —2n/3 —7w/2 0 m7/2
flz) 2 05 0 2 0

determine the trigonometrical interpolation polynomial.
Hint: Trigonometrical interpolation polynomial has a form
(one of representative forms):

X

2
2

f Sln

T .

S|
J#k



[10]

[11]

[12]

[13]

[14]
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Calculate approximate values of f(z) = sinz for z =
0.50(0.02)0.70 and for = = 1.50(0.02)1.70 by applying the ap-
proximate newtonian formula to the following rounded
data:

Tk f
0.5 0.47943

0.7 0.64422
0.9 0.78333
1.1  0.89121
1.3 0.96356
1.5 0.99749
1.7 0.99166

ST W~ O F

Calculate approximate values of f(1.0) from the data of
Problem 10, first by use of Gauss’ forward formula launched
from 2 = 0.9 and second by use of the backward formula
launched from » = 1.1.

Use Stirling’s formula to calculate approximate values of
f(x) for the points z = 1.00(0.02)1.20 from the data of Problem
10.

Use Bessel’s formula to calculate approximate values of f(x)
for the points 2 = 0.90(0.02)1.10 from the data of Problem 10.

Derive the Newton’s interpolation polynomial of third de-
gree for given data
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Hint: Use Newton’s forward formula

2
P(wk) = fo+ %(ij — wo) + g!anO

(xx — x0) (g — 1) + - - -

An
n‘n{? (ZIZk — Q}()) ce (xk — «/En—l)-
Solution:
1
P(zx) = ﬁ[Qxi — 273 + 1423, — 240).

[15] Derive the Newton’s interpolation polynomial of fourth or
smaller degree, from the following data:

ko xr Jk
0 1 1
1 2 -1
2 3 1
3 4 -1
4 5 1
[16] Derive the polynomial of degree n, according to following

tables of data:

a)
k T fk: n=4
0 2 0
1 4 0
2 6 1
3 8 0
4 10 O
b)
Ty fx n=2

N O Ol W N+~ O
N O Ul W N~ O
—_
—_
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)

k Tl fk: n=3
0 3 6

1 4 24

2 9 60

3 6 120

d)

k Tk fk: n=2>9
0O 0 O

1 1 0

2 2 1

3 3 1

4 4 0

5 O 0

[17] Derive the polynomial of third degree which interpolates
function y(z) = sin (Z%) for z = 0,1,2,3. Compare the values
of original functions and interpolated for x = 4 and z = 5.

[18] Derive the polynomial of fourth degree which interpolates
function y(z) = sin (%) for z =0,1,2,3, 4.

[19] Derive the polynomial of second degree which interpolates
function y(x) = 23 for » = —1,0, 1.

[20] Derive the polynomial of third degree using Newton’s sec-
ond interpolation formula, from data given in the table:

ko xp fi
-3 4 1
-2 6 3
-1 8 8
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[21] Apply the Gauss interpolation formula for obtaining the
polynomial of fourth degree, taking data from the table:

ko xp oy
—2 2 —2
—1 4 1
0 6 3
1 8 8
2 10 20

[22] Apply the Gauss interpolation formula with forward dif-
ferences to obtain the Gauss’ interpolation polynomial of
degree four, from following data set:

ko xp oy
—2 1 1
—1 2 —1
0 3 1
1 4 —1
2 5 1

Solution:

1
P, = §(2k4—8k2+3),k:xk -3,

1
P, = g(Qxi — 2423 4+ 100z; — 168z, + 93).

[23] Apply the Bessel interpolation formula for obtaining the
polynomial of degree three, taking data from the following
table
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kooxp fi Afi A%f Af

-1 4 1
2
0 6 3 3
5 4
L8 8 7
12
2 10 20

Hint (7.26): By taking Bessel’s formula of form

1 k 1 1 [k
Py = py12 + (kB — 5)5191/2 + (2> H52?Jl/2 + (5)(k - 5) <2> 53y1/2 + ...

3
E+n—1 E+n—1\ .,
+( on (k_m)( o >52 e

5271
)M Yi/2 + o+ 1
where § and p are operators of central difference and middle
value, respectively, one gets

3+8 34+7k(k—1) 14 1 k(k—1)

Po=""2415k—1/2 k- =
& 2+5( /)+2 9 +3( 2) 9

Finally, we involve the relation ¥ = £t — 3 in previous formula.

[24] Apply the Newton’s backwards difference interpolation for-
mula in order to construct the polynomial of degree four
using the following data:

ko xp oy
0O 5 1
—1 4 —1
—2 3 1
-3 2 —1
—4 1 1
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Hint: Apply

kE(k+1 k(k+1)---(k+n—1
( 2' )A2y0++ ( ) n'( n )Any07

P, = yo + EAyo +

and then replace k = z;, — 5.

[25] Apply the Gauss’ formula with forward differences to the
following data

kxp oy
-2 2 0
-1 4 0
0 6 1
1 8 0
2 10 O
Hint: Take
NV A E+1Y o, T
Py = 5% 5+t k=2 —3).
2 ;K 9 ) y0+<2i+1> y1/2]7 ( 9 )

For even degrees, 2n, take nodes k = —n,...,n. For odd degrees,
2n, take nodes k = —n,...,n+ 1.

[26] Apply the Gauss’ backward formula for data given in pre-
vious problem.
Hint: Take

k+i— i A
Pk—y0+2[< % — 1 )52 13/—1/2+< 9 )523/0]7

for nodes k = —n,...,n. Finally, replace k£ with 2= — 3

[27] Apply the Gauss’ formula with backward differences to the
following data in table form
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ko xp oy
-2 0 0
-1 1 0
0 2 1
1 3 1
2 4 0
3 5 0

Hint: Apply the formula given in previous problem.

[28] Consider the following formulas and write the code in Math-
ematica for their realization.

Stirling

B k k (kY k4 1\ 5 k(k+1\
Pk—yo+<1>5uyo+§(1>5 yo+< 5 )5 uyo+1( 3 )5 Yo

k+n-—1 kE (k4+n—1
5271—1 v 52n
* +<2n—1) “y°+2n< 2n—1> vo:

for nodes k= —n,..., n.

Everett
(kK E+4+1Y\ 5 kE+2\ 4 E4+nY\ .o,
P, = <1>y1%—( 3 )5 yl+-( 5 )5 Y1+ +-<2n—%1)6 Y1
3o (57 )

for nodes (even) numbers k = —n,...,n+ 1.

Bessel

1 k 1 1. [k
Py = py12 + (k — 5)591/2 + <2>M52?J1/2 + g(k - 5) <2> 5391/2 +

kE+n—1 1 1. (k+n—-1
52n A 52n—|—1 -
+< m )“ y1/2+[2n—i—1]( 2>( m > Y1/2
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[29] For given values y(z) = /= form form a table of differences
up to AS. Apply the table to calculate v1.005 with n =1
(linear approximation) using Newton’s forward differences.

Eooxe yle)=yx A A2 A3 AT A5 AS
0 1.0 1.0000
50
1 1.01 1.0050 0
o0 —1
2 1.02 1.0100 —1 2
49 1 -3
3 1.03 1.0149 0 —1 4
49 0 1
4 1.04 1.0198 0 0
49 0
5 1.05 1.0247 0
49

6 1.06 1.0296

Hint: The Newton’s formula is
k k (k k
P, =yo+ ( >Ayo+—< )A2y0+"'+ ( >Anyo,
1 2\2 n

so that for n =1 we have

T — Xo 1.005 —1.000 1
]{j = = = -,
h 0.01 2

i.e. P, =1.000+ 3(0.0050) = 1.0025.



